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Abstract 

As part of program to quantize superstrings in AdS^ x S"^ in a light-cone 
gauge we find the explicit form of the corresponding Green-Schwarz action in 
the fermionic light-cone K-symmetry gauge. The resulting action contains terms 
quadratic and quartic in fermions. In flat space limit it reduces to standard light- 
cone GS action, while for q' — > it has correct AdS^ x light-cone superparticle 
limit. We discuss fixing the bosonic light-cone gauge and reformulation of the 
action in terms of 2-d Dirac spinors. 
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1 Introduction and Summary 



1.1 Motivations for light-cone gauge approach 

The two maximally supersymmetric backgrounds of type IIB superstring theory are flat 
Minkowski space R^'^ and AdS^ x . The manifestly supersymmetric superstring action 
in flat space - the Green-Schwarz (GS) action - is well known and its AdS^ x 
analog was constructed in (see also @, 

Progress in understanding AdS/CFT duality 0, i.e. in solving (the large N) su- 
persymmetric Af = 4 YM theory in terms of (first-quantized) superstring in AdS^ x 
depends on developing its GS description and making it more practical. Some advances 
in this direction with application to "long" strings ending at the boundary of AdS^ were 
discussed in |^ . 

While the NSR string action in curved NS-NS backgrounds has well-defined kinetic 
terms and is at most quartic in fermions, the GS action in curved AdS^ x background 
with R-R flux looks, in general, very non-linear 0, ^, ^. Its fermion structure simplifies 
in some special K-symmetry gauges [P, |ll], |], but, like in fiat space, one may still 
face the question of dependence of the fermion kinetic term on a choice of bosonic string 
background, i.e. of its potential degeneracy 

String configurations in AdS^ x include "short" closed strings and "long" stretched 
strings that may end at the boundary. The GS action is well-suited for description of 
small fluctuations near long string backgrounds (for which fermion kinetic term is well- 
defined). However, to be able to determine the fundamental closed string spectrum in 
AdS^ X one is to learn how to quantize the AdS^ x string action in the "short string" 
sector, i.e. without explicitly expanding near a non-trivial bosonic string configuration. 

It is well-known how this is achieved for the flat space GS action - by choosing a 
light-cone gauge [|12|, The superstring light-cone gauge fixing consists of the two steps: 



(I) fermionic light-cone gauge choice, i.e. fixing the ^-symmetry by r~^6^ = 

(II) bosonic light-cone gauge choice, i.e. using the conformal gauged y/gg^'^ = tj^"^ 
and fixing the residual conformal diffeomorphism symmetry by x~^(r, a) = p^r. 

Fixing the fermionic light-cone gauge already produces a substantial simplification 
of the flat-space GS action: it becomes quadratic in 9. Choosing the bosonic light-cone 
gauge, i.e. using an explicit choice of x"*", may not always be necessary (cf. JTS], 0), but 
it makes derivation of the physical string spectrum straightforward. 

Our eventual aim is to develop a systematic light-cone gauge framework for the GS 
strings in AdS^ x . In this paper we shall concentrate on the first and crucial steo 
of fixing the fermionic light-cone gauge, i.e. imposing an analog of T^9^ = condition.tl 
The idea is to get a simple gauge-fixed form of the action where the non-degeneracy of the 
kinetic term for the fermions will not depend on a choice of a specific string background 
in transverse directions, i.e., like in flat space, the fermion kinetic term will have the 
structure dx^OdO. 



^We use Minkowski signature 2-d world sheet metric g^, with g = — detg^jy. 

previous work in this direction was reported in [|l5[ , but the K-symmetry hght-cone gauge used 
there is different from ours, and we do not understand the relation of the action presented in [T5[| to our 
light-cone gauge fixed action. 
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There are other motivations for studying AdS^ x 5*^ strings in hght-cone gauge: 
(i) One of the prime goals is to clarify the relation between the string theory and A/" = 
4 SYM theory at the boundary. The SYM theory does not admit a manifestly A/" = 4 
supersymmetric Lorentz-covariant description, but has a simple superspace description in 



the light-cone gauge = [|T6|. It is based on a single chiral superfield ^{x, 9) = A{x) + 
6^ipi{x) + ... where A = Ai + iA2 represents the transverse components of the gauge field 
and ipi its fermionic partner which transforms under the fundamental representation of 
R-symmetry group SU{A). In addition to the standard light-cone supersymmetry (shifts 
of 9), the light-cone superspace SYM action S'[$] has also a non-linear superconformal 
symmetry. This suggests that it may be possible to formulate the bulk string theory in 
a way which is naturally related to the light-cone form of the boundary SYM theory. 
In particular, it may be useful to split the corresponding fermionic string coordinates 
into the two parts with manifest S'f/(4) ^ 5*0(6) transformation properties which will 
be the counterparts of the linearly realized Poincare supersymmetry supercharges and 
the nonlinearly realized conformal supersymmetry supercharges of the SYM theory. 



(ii) As was shown in |T^, |18|, [T^, field theories in AdS space (in particular, IIB 
supergravity) admit a simple light-cone description. There exists a light-cone action for 
a superparticle in AdS^ x which was used to formulate AdS/CFT correspondence in 
the light-cone gauge. This suggests that the full superstring theory in AdS^ x should 
also have a natural light-cone gauge formulation, which should be useful in the context 
of the AdS/CFT correspondence. 



1.2 Structure of the light-cone gauge string action 

Our fermionic /t-symmetry light-cone gauge (which is be different from the naive V^6^ = 
but is related to it in the flat space limit) will reduce the 32 fermionic coordinates 
0^ (two left Majorana-Weyl 10-d spinors) to 16 physical Grassmann variables: "linear" 
6^ and "nonlinear" rj^ and their hermitian conjugates 6i and rji {i = 1,2,3,4), which 
transform according to the fundamental representations of SU{A). The superconformal 
algebra psu{2, 2|4) dictates that these variables should be related to the Poincare and the 
conformal supersymmetry in the light-cone gauge description of the boundary theory. 
The action and symmetry generators will have simple (quadratic) dependence on 6'*, but 
complicated (quartic) dependence on ?7*.i 

We shall split the 10 bosonic coordinates of AdS^ x as follows: the 4 isometric 
coordinates along the boundary directions will be 

x'^ = {x^ ,x~ ,x,x) , = — ^(s^ ± x°) , x,x = -j={x^ iix"^) , (1.1) 

the radial direction of AdS^ will be 0, and the coordinates will be denoted as y^' 
(A' = 1,2,3,4,5). 

Choosing a light-cone gauge in the parametrization of the supercoset PSU{2,2\4)/ 
[5*0(4, 1) X 5*0(5)] described below, the AdS^ x 5*^ superstring Lagrangian of can be 

These coordinates are direct counterparts of the Grassmann coordinates in the hght-cone action for 
a superparticle in AdSs x in [|8[ |9) . 
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written a; 



si 



;i.2) 



Here Cb = —\\^g'^''^G MNlX)d^X'^^ d^X^ is the standard bosonic sigma model with 
AdS^ X 5*^ as target space,El 



B 



-V99 



:i.3) 



is the projection of the vielbein of S which in the special parametrization we will 
be using is given by 



--Tr(7^9,f/f/-i; 



^ {eyf, , U^U = I , (1.4) 



where Tr is over The matrix U G SU{A) depends on 5 independent coordinates y"^' 



A'\i 



and 7^' are S0{5) Dirac matrices. C^P is the quadratic part of the fermionic action 



e^'^d^x' 



■x] 



+ h.c. 
(1.6) 

The P-odd e'^" dependent term in (|1.6| ) came from the WZ term in the original supercoset 
GS action 0. 

Here we used the following notation 

ve' = dO' - ^jO^ , vOi = de, + e^o.^ , = ii^'y^e^' , (1.7) 

and T> = V^da^, e*j = e^^jda^ where a'^ = (r, a) are 2-d coordinates. V is the generalized 
spinor derivative on S^. It has the general representation T> = d + Q'^jJ^i and satisfies 
the relation T>^ = 0. Q^j is given by 

n = duu-^ , dn-nAn = o , (i.s) 

and can be written in terms of the spin connection u"^'^' and the 5-bein e"^' as follows 



i(7^'^')>^'^' + i(7^') 



A'\i 



4^' ' ' 2 

C[j is the constant charge conjugation matrix of the 5*0(5) Dirac matrix algebra: C'^C" 
LC 



1.9) 



iT 



-C . The hermitean conjugation rules are: 9] = 6^, t]. 



7] 

The quartic fermionic term in (|1.2| ) depends only t] but not on 6 



? = ^V99'"'e'%x+d,x' 



;i.io) 



^The light-cone gauge action can be found in two related forms. One of them corresponds to the 
Wess-Zumino type gauge in 10-d superspace while another is based on the Killing gauge (see [p| p^). 
These "gauges" (better to be called "parametrizations" ) do not reduce the number of fermionic degrees 
of freedom but only specialize a choice of fermionic coordinates. The action given in this Section 
corresponds to the WZ parametrization, while the action in the Killing parametrization will be discussed 
in Section 6. 

^Our index notation differs from |Q: here we use fj,, i' — 0,1 for 2-d indices, i,j for SU{4) indices, 
A = 0,1,..., 4 for AdS5 and A = 1,..,5 for tangent space indices (repeated indices are contracted 
with flat metric). We use e"^ = 1. 
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1.3 Some properties of the action 

The action (|1.2|) ,( pT3D , (|1.6|) , (|l.lCI| ) has several important properties: 

(a) The dependence on x~ is only linear - through the bosonic dx^dx~ term in ( |1.3|) . 

(b) The bosonic factor in the fermion kinetic term is simply e^'^dx^ . It is the cru- 
cial property of this light-cone ft-symmetry gauge fixed form of the action that the 
fermion kinetic term involves the derivative of only one space-time direction - x^, i.e. 
its (non) degeneracy does not depend on transverse string profile.! 

(c) The fact that the action has only quadratic and quartic fermionic terms has to do 
with special symmetries of the AdS^ x 5*^ background (covariantly constant curvature 
and 5-form field strength). The presence of the 77^ term ( |1.1CI| ) reflects the curvature of 
the background.! As follows from the discussion in the 'extra' terms in (|1.6| ) like 
Tjie^jf]^ and rjC'rjdx should have the interpretation of the couplings to the R-R 5-form 
background.u 

(d) The gauge we considered treats the AdS^ and factors asymmetrically. In 
particular, the action contains only 5*0(5) but not 5*0 (4, 1) gamma matrices, and di and 



Tji are not spinors under SO {A, l).t 

(e) The AdS^ x superstring action depends on two parameters: the scale (equal 
radii) R of AdS^^ x and the inverse string tension or a' . Restoring the dependence 



on R set equal to 1 in ( |1.2|) one finds that in the fiat space limit R ^ 00 the quartic 
term ([TToD goes away, while the kinetic term (|1.6| ) reduces to the standard one with 
l^fi d^. The resulting action is equivalent to the fiat space light-cone GS action |l|] 
after representing each of the two 50(8) spinors in terms of the two 5*^/(4) spinors. 
The action takes 'diagonal' form in terms of the combinations 2 of ^"^o fermionic 
variables (see (|1.22| ) below). 



^The action thus has similar structure to that of the hght-cone gauge action for the GS string in 
curved magnetic R-R background constructed in ||2C| ]. 

''Note that the hght-cone gauge GS action in a curved space of the form i?^'^ x with generic 
NS-NS and R-R backgrounds |2|] (reconstructed from the hght-cone flat space GS vertex operators 
||2^ ) contains, in general, higher than quartic fermionic terms, multiplied by higher derivatives of the 
background fields. This light-cone GS action has quartic fermionic term p3| , [2l| involving the curvature 
tensor R,„dx+dx+{eT--e){eT--e) ~ R,„XP'^Y{S^~'S){OT--e) which is similar to the one present in 
the NSR string action (i.e. in the standard 2-d supersymmetric sigma model). 

*The part of the action in |^ quadratic in 6^ is a direct generalization of the quadratic term in the 
flat-space GS action (before k symmetry gauge fixing) Sp'' — J (fa{^g^^'' 5^'^ — e'^'^ s^'^)9^ p^D^O'^ . 
Here are projections of the 10-d Dirac matrices, = TmE^^df^X^' = {T aE^i + T a' E'^)dy_X^'' , and 
E"^ is the vielbein of the 10-d target space metric. The covariant derivative is the projection of the 
10-d derivative Dm = du + jt^^p'^mh — -^Y^^-'-^^Tm e!^ Fmx...Ms, which appears in the Kilhng spinor 
equation of type IIB supergravity. It has the following explicit form D^9^ = [d^'-'D^ — ^e^'^p^t) 6*"', 

Dp = 9^ + \dfj_x^'' ijj™pVrhh, where the term with = {v aE^ + 1^^'-^^/'^ d^X^' originates from the 

coupling to the R-R 5-form field strength. 

^6* and r] are not scalars with respect to 50(4, 1). Combined together with fermions eliminated by 
K-symmetry gauge they transform in spinor representation of 5*0(4, 1) x 50(5). But after gauge fixing 
which is based on 7 matrices from AdS^ part (7+6* ~ 0), the 50(4, 1) group, with the exception of 
its 50(2) subgroup generated by J^^ ||l^ (which is part of little group for the AdS^ case) becomes 
realized nonlinear ly. Thus (modulo subtleties of nonlinear realisation of su(4) on bosons) the algebra 
so(2) ® su{A) is a counterpart of the algebra so(8) in flat case. 
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(f ) For a' —>■ the action has the correct particle hmit, i.e. it reduces to the hght-cone 
gauge superparticle action in AdS^ x [0. 

(g) A special feature of this action is that S'f/(4) ~ 5*0(6) symmetry is realized 
linearly on fermions, but not on bosons, i.e. is not manifest. This is a consequence 
of the factor ^0(4,1) x S0{5) in the underlying supercoset PSU{2,2\A)/[SO{A,l) x 
5*0(5)] being purely bosonic. The 5*^ = 5'0(6)/5'0(5) part of the bosonic action can be 
represented as a special case of the 2-d G/H coset sigma model L = 1i{d^UU~^ + A^Y, 
U E G = 5*0(6), with the 2-d gauge field A^ being in the algebra oi H = 5*0(5). 
This action does not have manifest 5*0(6) symmetry after is integrated out and U is 
restricted to belong to the coset as a gauge choice. 

(h) The action is symmetric under shifting 9 ^ 6-\-e supplemented by an appropriate 
transformation of x~ . Here e is a Killing spinor on 5^, satisfying the equation "De* = 0. 
It is this symmetry that is responsible for the fact that the theory is linear in 6, i.e. that 
there is no quartic interactions in 6. 



1.4 Bosonic light-cone gauge fixing and elimination of 

To proceed further to quantization of the theory one would like, as in the flat case, to 
eliminate the 9x """-factors from the fermion kinetic terms in ( [1.61) . In fiat space this was 



possible by choosing the bosonic light-cone gauge. In the BDHP formulation [^, |25 
which we are using this may be done by fixing the conformal gauge 

Y'^ = r^^'^, Y'^Vag'", detY" = -i , (i.n) 

and then noting that since the resulting equation d'^x'^ = has the general solution 
x~^{t, a) = f{T — cr) + h{T + cr) one can fix the residual conformal diffeomorphism sym- 
metry on the plane by choosing x"'"(r, cr) = p^r. An alternative (equivalent) approach 
is to use the original GGRT p6[ formulation based on writing the Nambu action in the 
canonical first order form (with constraints added with Lagrange multipliers) and fixing 
the diffeomorphisms by 2 conditions - on one coordinate and one canonical momentum: 
x"*" = p+r, = const .0 

The first approach based on the conformal gauge does not in general apply in curved 
spaces with null Killing vectors which are not of the direct product form R^'^ x (the 
gauge conditions will not in general be consistent with classical equations of motion). It 



does apply, however, if the null Killing vector is covariantly constant |2^. There is no 



need, in principle, to insist on fixing the standard conformal gauge ( |1 . 1 1| ) . Instead, one 



may fix the diffeomorphism gauge by imposing the two conditions 7"'' = —1, x~^ = p'^r. 

This choice is consistent provided the background metric satisfies G+_ = 1,G = 

G_j = 0, O-Gmn = 0]. This approach is essentially equivalent to the GGRT approach 
applied to the curved space case. 

The above conditions do not apply in the AdS case: the null Killing vectors are not 



^"^Yet another approach is to fix 5 =0, = /i(r, a) where h is determined by external sources 

I pTj . For a discussion of various ways of fixing the hght-cone gauge in the case of flat target space and 
their relations see, e.g., |28 . 
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covariantly constant and Gj^- = e^'^ ^1.0 It is easy to see, however, that a shght 
modification of the above conditions on 7*^°, represents a consistent gauge choice 

e20/o^_^^ x+=p+r. (1.12) 

Indeed, the equation for x"*" 

d^.{e^''^g^''d,x+) = (1.13) 

is then satisfied. The coordinate space BDHP approach based on ( |1.12D is equivalent to 
the phase space GGRT approach based on fixing the diffeomorhisms by x"*" = p'^r, = 
const. The possibility to fix the light-cone gauge for the bosonic string in AdS space 



using the latter GGRT approach was originally suggested by Thorn ||32[ . 

A complication in the case of fixing the diffeomorphisms by the conditions on 7°° and 
(or on P+ and in the phase space approach) compared to the cases where one can 
fix the 2-d metric completely by choosing the conformal gauge is that here one is still to 
integrate over the remaining independent component of the 2-d metric (or 7°^) and to 
solve the resulting constraint. One may try to avoid this by fixing instead a modification 
of the conformal gauge ( |1.11D suggested by Polyakov 

7^^^^ = diag(-e-2<^, e^*^) , (1.14) 



such that ( |1.13D still has x~^ = p^r as its solution. This is just a particular classical 



solution, and it may seem that in contrast to the flat space case here one is unable to 
argue that x~^ = p'^T represents a gauge fixing condition for some residual symmetry. 
However, this ansatz may indeed be justified a posteriori as being the outcome of a 
systematic procedure based on fixing x^ and one condition on 2-d metric like ( |1.12| ) and 
then integrating over x~ (assuming it has no sources). 

In this paper we shall not discuss in detail the consequences of fixing the bosonic 
light-cone gauge ( [1.12| ) in the superstring action ( |1.2|) (or the equivalent light-cone gauge 
fixing in the phase space GGRT approach [Q) and follow a simplified approach based 
on using a particular classical solution. 

Let us first not make any explicit gauge choice and consider the superstring path 
integral assuming that there is no sources for x~ . The linear dependence of the action 
(|1.2|),(pT^) on x~ allows us to integrate over x~ explicitly. This produces the 5-function 
constraint imposing the equation of motion ( 1.13| ) for x^, which is formally solved by 
setting 

^g''''e'"f'd,x+ = e^^d.f , (1.15) 

where f{T,a) is an arbitrary function. Since our action ( |1.2| ) depends only on only 
through e'^'^dx^ , we are then able to integrate over x~^ as well, eliminating it in favor of 



^^In fact, there is no globally well-defined null Killing vector in AdS space as its norm proportional 
to e^*^ vanishes at the horizon = — 00 (this point and a possibility to fix a global diffeomorphism 
gauge for AdS string was discussed in [^). In this paper we shall use a formal approach to this issue: 
since the boundary SYM theory in R^'^ space has a well-defined light-cone description, it should be 
possible to fix some analog of a light-cone gauge for the dual string as well (assuming it is defined on 
the Poincare patch of the AdS space). A potential problem of that approach which will be reflected 
in the degeneracy of the resulting light-cone gauge fixed action near the horizon region should then be 
addressed at a later stage. 
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the function /. The action will contain the fermionic terms (|1.6|) , (|1.1CI|) with 



;i.i6) 



The resulting fermion kinetic term is then non-degenerate (for a properly chosen /), and 
may be interpreted as an action of 2-d fermions in curved 2-d geometry determined by 
/and^7^, (cf. iP,!!). 

We may then simplify the action further by making a special choice of / and fixing a 
diffeomorphism gauge on g^i, in a consistent way. One possibility is to choose the gauge 
( 1.14 ) and / ~ a which implies according to ( p..l5 ) that ~ r, i.e.El 



/ 



a 



X 



^g^- = diag(-e 



-2^ g20^ 



[in) 



1.5 "2-d spinor" form of the action 

Like in the fiat space case [|l| and in the "long string" cases discussed in p the resulting 
action can then be put into the "2-d spinor" form. Indeed, the 8+8 fermionic degrees 
of freedom can be organized into 4 Dirac 2-d spinors, defined in curved 2-d geometry. 
Using ( |1.17 ) we can write the kinetic term (|1.6| ) as 

4'^ = \{OiV + ViT^ov' - i^*4-^') + e^'*'v'C[,{V^e^ - iv^eV^ia^) + h.c. (1.18) 



Introducing a 2-d zweibein corresponding to the metric in ( |1.17| ) 



= diag(e2^ 1) , g,, = -e°e° + e'el , (1.19) 



we can put ( |1.18| ) in the 2-d form as follows 



i V ™ „ _ , i V , „ , 1 



c. 



(1.20) 

Here are 2-d Dirac matrices, 

(1.21) 

ipi = {ip^y 1 ipip stands for ipiip'^, ip'^ denotes the transposition of 2-d spinor and ip^s are 
related to the original (2-d scalar) fermionic variables ^'s and r^'s byEl 

# = ( Jl) , = - KC'-'TV^ , ^2 = + KC'-'fv^ ■ (1-22) 



^^Note that the standard conformal gauge ^g*^^ — diag(— 1, 1) leads to inconsistency for generic 4> 
if one insists on the simplest f — cr choice. Consistency for generic is achieved only if / (and x^) are 
nontrivial. But then the structure of the resulting action is complicated. 

i^In our notation i-0£<™V™V = -i^I(Vo - Vi)V'i - i^^li^o + Vi)V'2, V,„ = ej'^a^. 
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The quartic interaction term (|1.10|) takes the following form 



1 r.T 



i^^l^''Jg-^P^)'-{^P^g-^r . (1.23) 



The total action is thus a kind of G/H bosonic sigma model coupled to a Thirring-type 
2-d fermionic model in curved 2-d geometry (|1.19|) (determined by the profile of the radial 



function of the AdS space), and coupled to some 2-d vector fields. The interactions are 
such that they ensure the quantum 2-d conformal invariance of the total model 0. 

Properties of the resulting action and whether it can be put into simpler and useful 
form remain to be studied. It is clear of course that the action has a rather complicated 
structure and is not solvable in terms of free fields in any obvious way. A hope is that 
the light-cone form of the action we have found (or its first order phase space analog) 
may suggest a choice of more adequate variables which may allow further progress. 

We finish this discussion with few remarks: 

(i) The mass term ipipdicf) in ( |1.2U ) is similar to the one in (where the background 



string configuration was non-constant only in the radial direction) and has its origin 
in the e^^e'^'^d^j_x'^dij(j)rfC[j6^ term appearing after r] ^ 9 symmetrization of the e'^'^ term 
in ( [L.6| ) (its 'non-covariance' is thus a consequence of the choice = t). 

(ii) The action is symmetric under shifting ip^ —>■ tp^ + Q~^^, where e* is the 2-d 
Killing spinor. This symmetry reflects the fact that our original action is symmetric 
under shifting 6"^ by a Killing spinor on S^. 

(iii) The 2-d Lorentz invariance is preserved by the fermionic light-cone gauge (orig- 
inal GS fermions 6 are 2-d scalars) but is broken by our special choice of the bosonic 
gauge ( |1.17|) . The special form of Qf^i, in (|1.17| ) implies "non-covariant" dependence on 



in the bosonic part of the action: the action ( |1.3|) for the 3 fields 0, x, x and the 5-sphere 
coordinates has the form 

Cb = doxdox - e^'^dixdix + ^e-^'^ao05o0 - \e^'^ di<j)di<j) 

+ \G^s{y) {e-^'^doy^doy^ - e^^d^y^d^y^) , (1.24) 

where is the metric of 5-sphere.lli A peculiarity of the g^i, gauge choice in ( |1.17D 
compared to the usual conformal gauge is that here the part of the action is no longer 
decoupled from the radial AdS^, direction 0. 

(iv) The form of the quadratic fermionic part of the AdS^ x superstring action ex- 
panded near a straight long string configuration along direction of AdS^ was discussed 
in 1^ using the 'covariant' K-symmetry gauge condition 6^ = 9'^ (equivalent result was 
found also in the 6^ = i'j^O'^ gauge used in [|ll|, |^). It is easy to show that an equivalent 



fermionic action is found also in the present light-cone K-symmetry gauge. Expanding 
near the configuration x° = r, = a, x = 0, ?/ = (it is easy to check that this is 
a classical string solution) and choosing the bosonic gauge so that the 2d metric g^^ is 
equal to the induced {AdS2) metric ds"^ = -^{—dr'^ + da'^) we find that the corresponding 



-"^■^Here we renamed the (tangent space) indices A',B' into the coordinate space ones A,B for consis- 
tency with the notation used later in Section 6 (y^ = ). 
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function / in ( |1.15| ) is then equal to a ^. The quadratic part of the fermion action ( |1.20|) 
becomes (we redefine the rj fermions by the constant unitary matrix C in ( |1.18| )) 

J drda a-^iOdoO + r]dor] - r]di9) . (1.25) 

Rescahng the fields 9 = ad', rj = arj' (so that they have a-independent normalization, 
/ drda^ 99 = J dTda9'9') and integrating by parts we find 

j drda {9'do9' + r]'dor]' - 7]'di9' - a^^ri'9') . (1.26) 

The first three terms here are as in the fiat GS action, while the last term represents the 
AdS2 fermion mass term which is the same as found in p|. Indeed, diagonalizing the 
action as in ( |1.22| ) we get 



drda (V^+(9+7/;+ + %l).d^ip_ - a"V+^-) , (1-27) 

which is the special case of the general form of the quadratic action (|1.20|) with 9^0 in 
the mass term computed for = In a. 

1.6 Contents of the rest of the paper 

The rest of the paper contains derivation of the action ( |1.2| ) and related explanations 
and technical details. 

In Section 2 we start with the case of the flat space GS action and illustrate on this 
simplest example the procedure of light-cone gauge fixing we shall use in the AdS^ x 
case. We present a particular light-cone form of the GS action to which our AdS^ x 
light-cone gauge fixed action will reduce in the fiat space limit. 

In section 3 we discuss the basic superalgebra psu{2,2\4) and write down its (anti) 
commutation relations in the light-cone basis, corresponding to the light-cone decompo- 
sition (cf. ( |1.1|) ) of the so(4, 2) generators.lll 

In section 4 we adapt the original AdS^ x GS action of to the case of the 
light-cone basis of psM(2,2|4). The resulting K-symmetric action is written entirely in 
terms of Cartan 1-forms corresponding to the light-cone basis and in an arbitrary (e.g., 
Wess-Zumino or Killing) parametrization of the supercoset space. 

In section 5 we fix the light-cone ^-symmetry gauge and find the corresponding Cartan 
1-forms. These light-cone gauge 1-forms are given in the Killing parametrization of the 
original superspace. 

In section 6 we find the fermionic light-cone gauge fixed form of the action of Section 
4. We present the action in the Killing parametrization, discuss some of its properties, 
and also transform it into the "4+6" manifestly SU{4) invariant form (see ( |6.13|) , (|6.14|) 



and ( |6.22| ),( |6.23| )). We then explain the transformation of the action into the Wess- 



Zumino parametrization form which was presented above in ( p..2|) , (|1.6|) , (|1.10| ). We also 



^^We shall use the following terminology: "light cone basis" (or "light cone frame") will refer to the 
decomposition of superalgebra generators, while the "light cone gauge" will refer to the choice of the 
K-symmetry gauge. 
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mention that our results for AdS^ x case can be easily generalized to the AdS^ x S'^ 
case. 

In Appendix A we discuss the relations between the so(4, 1) ©so(5) (or '5+5') basi^^ 
of the psu{2, 2 1 4) superalgebra used in in the construction of the GS action in AdS^ x 

and the more familiar so(3, 1) © 5^(4) ~ s/(2, C) © sm(4) (or '4+6') basis (naturally 
appearing in the discussion of J\f = 4,d = 4 superconformal symmetry of SYM theory). 
We use the later basis to identify the generators of the algebra in the light-cone (or 
so(l, 1) © u{l) © so(2) © 5^(4)) basis. The knowledge of the explicit relations between 
the generators in the three bases is useful in order to find normalizations in the forms of 
the string action corresponding to the so(3, 1) © sm(4) and the light-cone bases. 

In Appendix B we explain the transformation of the AdS^ x string action from 
its original form in the so(4, 1) © so(5) basis to the so(3, 1) © su(4) basis and then to 
the light-cone basis. We also discuss some details of derivation of the light-cone gauge 
fixed action given in Section 6. 

In Appendix C we present another version of the AdS^ x superstring action us- 
ing the "S'-gauge" to fix the K-symmetry {S refers to the conformal supersymmetry 
generator). In this gauge all of the superconformal ?7-fermions are gauged away. 



2 Light cone a^- symmetry gauge fixing in fiat space 

It is useful first to discuss the case of light-cone gauge fixing in the standard flat space 
GS action. This allows to explain in the simplest setting the procedure of light-cone 
gauge fixing we are going to follow in the case of AdS^ x S^. In particular, we shall 
discuss the split of supercoordinates which is closely related to the one we will use in the 
AdS^ X case, and obtain the form of the GS action to which our AdS^ x light-cone 
action will reduce in the fiat space limit. 

We start with the fiat GS action in the form ||3^ 

Io = -lf d'a^g^-'LjLi + if s'' A {L'T^ A D^) , (2.1) 

2 J.9A/3 J Mi 

where s^"^ = diag(l, —1) (/, J = 1, 2) and 27ra' = 1. The 2-d metric (^^j, (/x, z/ = 0, 1) has 
signature ( — h), and g = —detg^j^^. 

The left-invariant Cartan 1-forms are defined on the type IIB coset superspace defined 
as [10-d super Poincare group] /[SO (9, 1) Lorentz group] 

G-^dG = L^P^ + L^Qi , = dX^li , = (x, 9) , (2.2) 

where G = G{x, 9) is an appropriate coset representative. A specific choice of G{x, 9) 
commonly used is 

G{x,9)=eMx^P^ + 9'Qi), [P^,P^]=0, {Qi,Qj} = -2i5ij{CT^)P^, (2.3) 



^^We label the basis by the symmetry algebras under which supercoordinates are transforming in a 
linear way. 
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and thus the coset space vielbeins defined by (|2.2|) are given by 

= dx^ - iO^T^de^ , = de^ . (2.4) 

6^ are two left Majorana-Weyl 10-d spinors. The exphcit 2-d form of the GS action 



d a Cr 



d^a 



1. 



(2.5) 



One usually imposes the /t-symmetry light-cone gauge by starting with the component 
form of action given by ( |2.5| ). It turns out to be cumbersome to generalize this procedure 
to the case of strings in AdS^ x S^. It is more convenient to first impose the light-cone 
gauge at the level of the Cartan forms L^, and then use them in the action taken in 
its general form ( |2.1| ). The light-cone gauge form of is 



L-^ = dx+, L- = dx- -i9^T-d9^ , = dx^ , N = l,...,8, (2.6) 

where 6^ are subject to the light-cone gauge condition T^9^ = 0.0 Inserting these 
expressions into action (p.l|) we get 



Chu = ^g^^'i-d^x+d.x- - -d^x''d,x'' + id^x^e'T-d,e' 



c 



wz 



(2.7) 

(2.8) 
(2.9) 



Next, let us do the "5 + 5" splitting of the 10-d Clifford algebra generators, the charge 
conjugation matrix C and the supercoordinates 



= 7^ X / X ai , r^' = / X 7^' X (72 , C = CxC'xia2 



Qlai 





(2.10) 



where / is 4 x 4 unit matrix, (j„ are Pauli matrices, a = 1, 2, 3, 4 and i = 1,2, 3, 4. Let 
us also introduce the complex coordinates 



and use the parametrization 



2 -ie+' 



(2.11) 



(2.12) 



^^The transverse bosonic Cartan forms in (|2.6|) should not be confused with fermionic ones . 
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Decompositions of so(4, 1) 7-matrices we use may be found in Appendix A (see (|A.18|) ) 
The light-cone gauge 



leads to 



Changing sign — » —x^, using the notation 



(2.13) 
(2.14) 



3Mt 



(2.15) 



and inserting the above decomposition into the action (|2.7| ) we finally get the following 
expressions for the kinetic and WZ parts of the light-cone gauge flat space GS Lagrangian 



Ckin = V99'"'[-d,x+d,x~ - - d,x+C-9,dJ' + + h.c.)] , (2.16) 



Cwz = e>"'d^x-^ri'C[jd,9' + h.c. (2.17) 

It is to this form of the fiat GS action that our light-cone AdS^ x action will reduce 
in the fiat space limit. A characteristic feature of this parametrization is that while the 
kinetic term is diagonal in ^'s and r^'s, they are mixed in the WZ term. 



3 psu{2,2\A) superalgebra in the light cone basis 

The superalgebra psu{2, 2|4) which is the algebra of isometry transformations of AdS^ x 
5*^ superspace plays the central role in the construction of the GS action in AdS^ x 

In this section we shall present the form of this algebra which will be used in the 
present paper. The even part of psM(2,2|4) is the sum of the algebra so(4, 2) which 
is the isometry algebra of AdS^ and the algebra so{6) which is the isometry algebra 
of S^. The odd part consists of 32 supercharges corresponding to 32 Killing spinors in 
AdS^ X vacuum [^] of type IIB supergravity (see ||3^, 0]; for recent developments 



in representation theory see 



We shall use the form of the basis of so(4, 2) sub-algebra implied by its interpretation 
as conformal algebra in 4 dimensions. The generators are then called translations P"^, 
conformal boosts K"^, dilatation D and Lorentz rotations J"'' and satisfy the standard 
commutation relations 

[P", J^^] = r]''^p^ - r^^^p^ [K^^ J^^] = r^^^K^ - r]''^K\ [P\ K^] = r^^^D - r\ (3.1) 

[D, P"] = -P*^, [D, K"] = fsT", [r\ J^^] = rf^r'^ + 3 terms , (3.2) 

where 77"'' = (— , +, +, +) and a, 6, c, = 0, 1, 2, 3. In the light cone basis ( |1.1[ ) we have 
the following generators: 

J+- , J^^ , J^^ , J^^ , , P% P% , ir% . (3.3) 

To simplify the notation we shall set 

P = P'^ , P = P"^ , K = K'', K = K^ . (3.4) 
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The light cone form of so(4, 2) algebra commutation relations can be obtained from ( |3.1|) 
using that the light cone metric has the following elements rj^ = 1] ^ = 1, rj^^ = rj^^ = 1. 
In this paper the so(6) algebra will be interpreted as su(4) one k,l = 1, 2, 3, 4) 

[J^-, J\] = 5p\ - . (3.5) 

To describe the odd part of psM(2,2|4) superalgebra we introduce 32 supercharges 
Qti ^t- They carry the D, and J^^ charges, as follows from the structure 
of the algebra. The commutation relations of the supercharges with the dilatation D 

[D.Q^'] = -\q^\ [D.Qf] = -\Qf, [A^^i = V% [D,St] = \st, 

(3.6) 

allow to interpret Q's as the standard supercharges of the super Poincare subalgebra 
and S"s as the conformal supercharges. The supercharges with superscript + (— ) have 
positive (negative) charge 

[J+-, Q±^] = ±\q^^ , [J+-, Qf] = ±^Qf , 
The J^^ charges are fixed by the commutation relations 

[J^■^ g±^] = ±^g±' , [r^ qf] = ^^gf , (3.7) 

[J^^ 5f ] = ±^St , [r', S^'] = T^S^' . (3.8) 

The transformation properties of the Q supercharges with respect to su{4) subalgebra 
are determined by 

[Qf, Jh] = - -fiQf , [Q^\ J'k] = -SlQ^^ + \6iQ^^ , 

with the same relations for the S supercharges. Anticommutation relations between the 
supercharges are 

{g±^ Qf} = ^iP^s] , {g+\ g-} = -iPS] , (3.9) 

{S^\ Sf} = ±iK^S} , {S-\ Sf} = iK5i , (3.10) 

{g+\ sf} = -r^5] , {Q-\ s-} = -j-^ , 

{Q^\Sj} = ^iJ+- + .r'TD)S] T J'j. 

The remaining commutation relations between odd and even generators have the follow- 
ing form 

[Q-\ = -Q+i ^ ^S-\j+^] = -S+\ [Q+\ J-'^] = Q'\ [S+\ J-""] = S~\ 
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[S^, P±] = iQf , [Sr, P] = iQr , [S+, P] = -iQf , 
[Q^\ K^] = -iS^' , [Q-\ K] = -iS-' , [Q+\ K] = iS+' . 
The generators are subject to the following hermitean conjugation conditions 

(P±)t = _p±, P^ = -P, {K^y = -K^, K^ = ~K, 

iQ^'y = Qt, is^y = st, (3.11) 

All the remaining nontrivial (anti) commutation relations of ^^^(2, 2|4) superalgebra may 
be obtained by using these hermitean conjugation rules and the (anti)commutation re- 
lations given above. 



4 Light cone basis form of AdS^ x string action 

Superstring action in AdS^ x [@ has the same structure as the flat space GS action 



Ckin+ / m . (4.1) 

In 1^ the Cartan forms in terms of which the action is written were given in the so(4, 1) © 
so(5) basis of psu{2, 2|4). This is the basis that allows to present the AdS^ x GS action 
in the form similar to the one in the flat space. Our present goal is to rewrite the action 
in the light-cone basis discussed in the previous section and then (in the next Section) 
to impose a ^-symmetry light-cone gauge. We shall use the conformal algebra and light- 
cone frame notation. 

The Cartan 1-forms in the light-cone basis are defined by 



G-^dG = L^P" + LIK" + L^D + -L^Kr^ + UyPi 



+ L--^St + L-,S^^ + LfSr + L+ , (4.2) 

where G is a coset representative in P5'f/(2, 2|4). Let us define also the following com- 
binations 



1 

2""' " 2 



t ^ LI - -LI , L^' ^ --{i^'r,L\ , (C'L),, ^ G[,L', . (4.3) 



Then the kinetic term in ( |4.1| ) takes the form 

Ctin = -\^r{LlLl + + L^;L^') , (4.4) 

while the 3-form Ti in the WZ term can be written as (we suppress the signs of exterior 
products of 1-forms) 

n = n%s, + n% - h.c. , (4.5) 
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+ -^LU^Lt^L-^ + L-^%L^^) , (4.6) 

Derivation of these expressions from the original ones given in p| may be found in 
Appendix B. 

5 Coordinate parametrization of Cartan forms and 
fixing the light-cone /^-symmetry gauge 

To represent the Cartan 1-forms in terms of the even and odd coordinate fields we shall 
start with the following supercoset representative (cf. (|2.3| )) 

G = Qxfi 9ri Qy 9<j> , (5.1) 

where 

g^^e = eM^'^P" + ^-'Qi + erQ+' + 0+'Qr + e+g-*) , (5.2) 

g, = exp(r7-S+ + r^rS^' + r^+^S; + ^S-') , (5.3) 

and g^ and gy depend on the radial AdS^ coordinate (p and 5*^ coordinates respec- 
tively: 

g^ = exp((/)D) , (5.4) 



Choosing the parametrization of the coset representative in the form ( |5.1| ) corresponds 
to what is usually referred to as "Killing gauge" in superspace. 

Since the supercharges transform in the fundamental representation of sm(4) the 
corresponding fermionic coordinates ^'s and 77's also transform in the fundamental rep- 
resentation of sm(4). 

The above expressions provide the definition of the Cartan forms in the light-cone 
basis. Let us further specify these expressions by setting to zero some of the fermionic 
coordinates which corresponds to fixing a particular K-symmetry gauge. Namely, we 
shall fix the K-symmetry by putting to zero all the Grassmann coordinates which carry 
positive charge (cf. ( |2.14| )): 



0+^ = ^+ = r7+* = ry+ = . (5.6) 
To simplify the notation we shall set in what follows 
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As a result, the ^-symmetry fixed form of the coset representative (|5.1| ) is 

Gg.f. = {gx,e)g.f. {%)g.f. 9y 94> > 



(5.8) 



{g.,e)g.f. = eM^'P" + d'Qt + e,Q^') , (5.9) 
ig,)gJ, = expir]'St + V^S^') • (5.10) 



Plugging this Gg./. into ( |4.2| ) we get the K-symmetry gauge fixed expressions for the 
Cartan 1-forms 

L+ = e^dx-^ , L- = e^{dx- - ^O'dOi - ^-OidO^) , (5.11) 
LI = e^dx , LI = e^dx , (5.12) 
= e-'t'l^m'dx^ + '-f,^k, + '-fidv"] , (5.13) 



Li, = d<p , (5.14) 

1 

4' 



. = {dUU-^Yj + i{fi'fij - -V^5i)dx+ , (5.15) 



= e'^/^{M + ir^^dx) , L" = e'^/2(rf^, - if]idx) , (5.16) 
= -ie*/2^^Ma;+ , L+ = ie*/2^^,rfx+ , (5.17) 

= e-<^/2(dV + \ri'fl'dx^) , L;, = e-'^/\d,^, - '-fi%dx+) , (5.18) 

where rf = r^^r^j. All the remaining forms are equal to zero. We have introduced the 
notation 

¥ = u'je^, e, = e,{u-y,, (5.19) 

d~e^ = U'jde^ , Mi = dOjiU-yi , (5.20) 

and similar ones for for rj. Note that 6^ = 9"^ and 9d9 = 9d9. The matrix U G SU{A) 
is defined in terms of the 5*^ coordinates y^j or by (|1.4| ),( |l75|) . It can be written 
explicitly as 

II II A' 

TT \y\ , ■ A' A' ■ \y\ II / Ai 77 A' y m\ 

{/ = cos— + 17 n sm — , \y\^yy^y^, n = — - . (5.21) 

^ ^ \y\ 

6 AdS^ X string action in the light-cone gauge 



Plugging the above expressions (|5.11| )- (|5.18| ) for into the action (|4.1| ) we get the following 



result for the light-cone gauge fixed superstring Lagrangian in terms of the light cone 
supercoset coordinates 
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+ i9,x+a.x+[(r^Y-(r^.(7^Y.r?^y]) , (6.1) 

Cwz = --j^e'^d^x^f^'C[.j{dy + ifi^d^x) + /i.e. (6.2) 

The kinetic terms are obtained in a straightforward way. Details of derivation of the WZ 
part are given in Appendix B. 
Few remarks are in order. 

(i) In the flat space limit this action (after an appropriate rescaling of fermionic 
variables given in ( |6.3|) ) reduces to the GS light-cone ^-symmetry gauge fixed action 
represented in the form ( |2.16| ), p.l7] ). In the particle theory limit a' ^ (corresponding 
to keeping only the r dependence of the fields and omitting the WZ term) this ac- 
tion reduces (after an appropriate bosonic light-cone gauge fixing and rescaling of some 
fermionic variables) to the light-cone action of a superparticle propagating in AdS^ x 
[0.0 

(ii) The kinetic terms for the fermionic coordinates have manifest linear sm(4) in- 
variance. In the remaining terms this symmetry is not manifest and is not realized 
linearly. 

(iii) Since the WZ term depends on 9 through its derivative, it is invariant under a 
shift of 9. To maintain this invariance in the kinetic terms the shifting of 9 should be 
supplemented, as usual, by an appropriate transformation of x~ . The action is invariant 
under shifts of the bosonic coordinates x"' along the boundary directions. 

(iv) As in the superparticle case [0, |T9| this action is quadratic in half of the fermionic 
coordinates [9) but of higher order (quartic) in the another half (77). It was the desire 
to split the fermionic variables in such 6''s and r/'s that motivated our choice of the 
supercoset parametrization in ( |5.8|) . 

(v) The action contains the terms like {ifY ^"^^ Vi^^jV'' which in the superparticle case 
played important role [0 in establishing the AdS/CFT correspondence. These terms 
should also play a similar important role in formulating the AdS/CFT correspondence 
at the string theory level. 

The fermionic variables 9 and rj as defined above in (|5.1j ) have opposite conformal 
dimensions. It is convenient, however, to use the variables with the same conformal 
dimensions.^ To achieve this we rescale r] as follows 

ri' ^Ple'^rf , V2e% . (6.3) 



""^^Ref. found the Hamiltonian for the superparticle in AdS;^ x (see eq. (12) there). The action 
is obtained from the Hamiltonian in the usual way. 



^^The light-cone formulation of the superparticle in AdS's x |18, |l^ used similar Grassmann 
variables with the same conformal dimensions 
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To get convenient sign in front of kinetic terms of fermions we change sign —x"". 
Then the Lagrangian ( |6.1|) ,(^) may be written as follows 



^kin = y/gg^" -e '''{d^x+di^x + d^xd^x) - -d^(. 



-G^s{y)D,y-'D,y' 



C-wz = e'^^'e'^d^x+rfCUd.O' ~ i^/2e'^r]' d,x) + h.c. 



(6.4) 
(6.5) 

Here is the metric of 5- sphere .IH^ The matrix C^j and the differential D^y^ are 
defined by 

(6.6) 
(6.7) 



D^y-^ = d,y^ - 2i?7,(\/^)^,r/^e2*9^x+ , 

eg = cos \y\ + i(C"7^')i,n^' sin \y\ 



where {V-^Yj are the components of the Killing vectors {V^YjdyA of {dyA = -^)- 

Note that x"*" enters the action only through the combination e'^'^d^x^. An attractive 
feature of this representation is that the terms in ( |6.1| ) involving r/j(7^ YjV'' ^ire now 



collected in the second term in the derivative (|6.6|) and thus have a natural geometrical 
interpretation, multiplying the Killing vectors. 

The Killing vectors {V'^yjdyA satisfy the so(6) ~ su{A) commutation relations ( |3.5|) 
and may be written as 



(K-)^-9,. = l(7^'^')^-V^^'^' + i(7"T.^ 



A'\i irA' 



(6.^ 



where V^' and \/^'^' correspond to the 5 translations and 5*0(5) rotations respectively 
and are given by (cf. ( ^.21|) ) 



V 



A' 



\y\ cot \y\{S^'^ - n^'n^) + n^'n^]dyA , (6.9) 
V^'^' = y^'dy.,-y^'dy.. (6.10) 

Here (5^'-^ is Kronecker delta symbol and we use the conventions: = 5^,y^' , n-^ = 
6-^,11'^ , n-^ = n^. In these coordinates the metric tensor has the form 



'^AB — ^A 1 



sin 


y\ 




y 





(5f -n^n^') +n^n^ 



(6.11) 



Note that while deriving (|6.4| ) we use the relation {W^^'UYj = -2ief (\/^)*j. 

The Lagrangian ( |6.4| ),( |0| ) can be put into the manifestly SU{4) invariant form by 
changing the coordinates from 4>,y^ to the Cartesian coordinates Y'^^ (M = 1, ...,6): 



F^' =e^si 



I A' 

sm \y\ n , 



y6 ^ g0 



cos \y\ 



Y = Y Y 



\Y? = e^'^ 



(6.12) 



^°We introduced the coordinate indices A^B ^ 1, 5 (to be distinguished from the tangent space 
indices A' and set — S^,y^ . 
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In terms of the new coordinates the superstring Lagrangian L = Ckin + ^wz takes then 
the following more transparent manifestly SU (4) invariant form: 



-V9g^''Y%x' 



where 



Cwz = e^''\Y\d^x+r]'Y''pfJ [ 8,6' - W2\Y\rfd,x ] + h.c. 



DY^ = dY^'^ - 2ir]i{R^^y,r]'Y^dx^ 



(6.13) 
(6.14) 

(6.15) 



The 6 matrices pfj are the 5*0(6) 7 matrices in the chiral representation. The usual 
50(6) Dirac matrices can be expressed in terms of pfj as follows 



7 



M 



(p^^y^ 




25 



MN sri 



'3 ' 



p", (6.16) 



where (p*^)*-' = — (pf/)*. In deriving ( |6.14|) we used the following representation for C 
and 5*0(5) 7 matrices in terms of the p matrices 



(7 ) 3= l(P ) Plj , <^ij = P: 

implying an interesting relation 



(6.17) 



(6.18) 



The matrices {R Yj in the covariant derivative ( |6.15| ) are defined as follows {M,N, K, L - 



where 



M\KL 



L^KM 



{p'''^y,^-{p''fp%-{K^v). 



(6.19) 



(6.20) 



Note that {R'^^YjOyM satisfy the so(6) ~ su{4) commutation relations ( p.5|) . In contrast 
to which are complicated functions of the matrices i?^^ take simpler form. 

Note that in terms of the 6 Cartesian coordinates Y^ the metric of AdS^ x 5"^ takes 
the "4+6" form: 

ds^ = Y^dx^'dx" + Y-^dY^^dY^^ . 



Similar choice of the bosonic part of superstring coordinates was used, e.g., in |]^, |T5|. 
The advantage of the resulting action is a more transparent structure of the WZ term 

The above action (|6.13|) , (|6.14| ) can be transformed into the equivalent form corre- 
sponding to the choice of the conformally fiat coordinates in AdS^ x 5*^ , i.e. {Y^ 
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If we start again with ( |6.4|) ,(|0|) and introduce (cf. ( |6.12|) ) 



Z^' = e-'^ sin \y\ , = e""^ cos \y 

then we finish with (cf. (|03D,(|m|)) 



M ryM 



\Z? = e-'"^ 



(6.21) 



■'kin 



-^gg^'^Z-y^x^d.x- + d^xd.x + -D^Z'^D.Z 



M 



-^g^''Z-%x' 



Cwz = ef'''\Z\-'^d^x+rfp^jZ'^(dJ^ - iV2\Z\~^r]^d,x) + h.c. , 
where Z'^ = (Z^)-^ and (cf. (|6J[5|),(|6J9D) 

1 



DZ^^ = dZ^^ - 2ir]i{R^^yj7]^Z-^dx+ , R 



M 



(6.22) 
(6.23) 

(6.24) 



All other notation are the same as above. One can obtain ( |6.22| ), ( |6.23| ) directly from 
(|6.13| ), (|6.14|) by making the inversion Z^'^ jZ'^ and taking into account the relation 

In this Section we have discussed the light-cone action in the Killing parametriza- 
tion of superspace. In order to get the light-cone gauge action in the Wess-Zumino 
parametrization one needs to make the following redefinitions in ( |6.1D , ( |6.2[ ) (cf. ( p. 191 ), 

r/* y2e^f/-i)>^ r/, - 

In addition we change sign of 4-d coordinates - 
will then get the generalized connection Vt^ 



72. 



-X 



d^UU- 



(6.25) 

e--rijU^i . (6.26) 

The fermionic derivatives d, 
contributions, i.e 



(I 



become 



the covariant derivatives (see ( |1.7| )). The action in terms of these new variables was 



presented in (|1.6|) , (|1.1C ) in the Introduction. 

Finally, let us note that our results for the AdS^ x space can be generalized to the 
case of AdSs x 5''^ in a rather straightforward way. To get the light-cone gauge action 
for this case one could use the k invariant action of Ref.[^] and then apply the same 
procedure of light-cone splitting and gauge fixing as developed in this paper. However, 
our light-cone gauge action is already written in the form which allows a straightforward 
generalization to the case of AdSs x S^: one is just to do a dimensional reduction. Let us 
discuss the AdS^ x Lagrangian using for definiteness the WZ parametrization where 
the action has the form given by (pT^). To get the Cb and Cp^ terms in the AdS^ x 
case we are to set x = a; = in ( |1.3| ) and ( |1.6|) and also to assume that the fermionic 
variables 6 and 7] now transform in the fundamental representation of SU{2) (i.e. the 
indices i,j take values 1,2). The matrix C'^j is then given by C = ha2, \h\ = 1. The 
matrices {'y^'Yj, A' = 1, 2, 3 are now 5*0(3) Dirac gamma matrices and the matrix U{y) 

( ^.21|) . The quartic part of the Lagrangian in (m 



takes the same form as in (|I^ 
simplifies to0 



2^g'^''e'%x^d,x^{r]\ 



(6.27) 



^"'^To transform ( 1.10 ) to this form we use the completeness relation for SO{3) gamma matrices 
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Appendix A ]9Sii(2, 2|4) superalgebra: so(4, 1) so(5), 

so(3, 1) su{4:) and light-cone bases 

Commutation relations of psu{2, 2|4) superalgebra in so(4, 1) © so(5) basis were given in 
[0. This basis is most adequate for finding the covariant action in AdS^ x 5*^ space 
which is the direct analogue of the GS action in flat space. To develop the light-cone 
formulation it is convenient, however, to make a transformation to the basis in which 
the supercharges are diagonal with respect to the generators D, J^^ (see (|3.3|) ) and 
belong to the fundamental representation of sm(4). This basis we shall call light-cone 
basis. 

We shall find the transformation to the light-cone basis at the level of the algebra, and 
this will allow us to find the Cartan 1-forms and the action in the form corresponding to 
the light-cone basis. It is convenient to first make the transformation to the intermediate 
so(3, 1) © sm(4) basis and only then to the light-cone basis. A bonus of this procedure 
is that this intermediate form will allow us to find as a by-product another interesting 
version of the ^-symmetry gauge fixed action (see Appendix C). 

We start with the commutation relations of psu{2, 2|4) superalgebra in so(4, 1) ©so(5) 
basis given in [§] 

[Pa, Pb] = Jab , [Pa', Pb'] = -Ja'w , (A.l) 
[Qi,Pa] = -^^ijQjlA , [Qi, Jab] = -^QilAB , (A.3) 

[Qi,Pa'] = ^^ijQjlA' , [Qi, Ja'B'] = -^QiJA'B' , (A.4) 

{QaU,Qpjj} = 5,,[-2iC;.(C77^),^P^ + 2C,^(CV),,PA'] 

+ e,,[C:^-(C7^^)a/3JAB-C,/3(CV^').,J^'B'] . (A.5) 

Unless otherwise specified, we use the notation for Q^"* and Qj for Qiai, where 
Qiai = Q'^'^-'SjiC/saCji. Hermitean conjugation rules in this basis are 

Pa = ~Pa , Pa' = ~Pa' , Jab = ~Jab , Ja'b' = ~Ja'b' , (A-6) 

{Q''')H7X = -Q'^'Cp^C'^, . (A.7) 
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Let us first transform the bosonic generators into the conformal algebra basis. To 
this end we introduce the Poincare translations P"^, the conformal boosts K"^ and the 
dilatation D by 

pa^pa^ j4a ^ j^a ^ i(-P^ + J'^^) , D = -P^ . (A.8) 

Making use of the commutation relations ( [A.1D ,( [AI^ it is easy to check that these gen- 
erators satisfy the commutation relations given in ( |3.1|) ,(|3l^). 
Next, we introduce the new "charged" super-generators 

Q^^i=(Qi + iQ2) , Q5^_L(Qi_ig2) _ 

We shall use the simplified notation 

Q°^^ = — Q"^"* , Qai = Qqai ■ (A. 10) 

Then the non-vanishing values of 6ij (e/j, ei2 = 1) become replaced by 6qq = 1 (e^g = i) 
and the Majorana condition takes the form (Q^')^(7°)a = Qai- The commutators have 
the form 

[g»,p^] = -^(7^g)"% [g"\ J^^] = ^(7^^g)"^ , (a.h) 

[Qa^,P^] = liQl^U, [Qa^,J^''] = -^(QT^^).. , (A.12) 

[g-, p^'] = -'-{i^'Qr , [g"\ J^'""'] = ^(7^'^'g)"^ , (a.is) 

[Qa^, P^'] = ^iQl''')a^ , [Qar, J^'^'] = -^iQl^'^^'U , (A.14) 

while the anti-commutators transform into the form 

{g-, g,,} = [2i(7^)^P^ + i^^^)p^^]S] - A\5p^, , (A.15) 
where we use the notation 

J^.^-i(7^')^.P^' + l(7^'B')V^'B'. (A.16) 

Starting with the commutation relations for P^' and J^^'^' and applying various Fierz 
identities one proves that J*j (J*] = J^) satisfy the commutation relations of su{A) 
algebra. 

Using the commutators ( [A.13D ,( |A.14| ) and ( [A. 161 ) and completeness relation for Dirac 
matrices one proves that 

This demonstrates that supercharges transform in the fundamental representations of 
su(4). 
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In what follows we will use the following decomposition of so(4, 1) Dirac and charge 
conjugation matrices in the sl{2) basis 



a 



ab 



where the matrices (a")^^, (cr")aa are related to Pauli matrices in the standard way 

a" = (l,a^(T^(T3), a" = (-l,(T^a^a3). (A.19) 

Note that a^^ = a'^^, a^^^ = a^* where a'^^ = (o-'')'^'^ebaeba- following 
conventions for the s/(2) indices: eu = e^^ = — = — = 1 , 

= e^Vb , = ^"^eba , = e'^b , V'a = ^^^ba " (^-20) 

We then decompose the supercharges in the sl{2) © su(4) basis 

= . , Qai = {2vS^„ -2w-'Q^) , V = 2'/' . (A.21) 

In terms of these new supercharges the commutation relations take the form 

[D,Q''] = -Iq'\ [D,S!] = ^Sf, (A.22) 

[Sf, n = -^i^y'Q^^ > [^a, n = -^(^"haQ'' , (A.23) 

[Q'\K^] = -^(aySl , [Qa.,^1 = ;7|(^'^)aa^f , (A.24) 

{Q'\ Q^} = -^^^'P"^} ' S^^} = -^ai^K^S] , (A.25) 

[Q^\r'] = \{a'^')\Q^\ (A.26) 

{Q'\ S"^} = ile^^'D + \a^ir')5; + e'^T, , (A.27) 

where (a"*)^'' = e''^(cr'^'')^c , (cr'^'')^b = |(^'')^^(^^)cb ^ ^ ^) ■ Hermitean conjugation 
rules of the supercharges are 

Q^^t = ga ^ g.t = _g^^ ^ (A.28) 

and the same for 5* supercharges. The spinor sl{2) indices a, b are raised and lowered as 
in ( |A.20D . From these commutation relations we learn that Q^*, may be interpreted 
as the supercharges of the super Poincare subalgebra while Sf, S^^ are the conformal 
supercharges. 
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This finishes the description of the so{3, 1) © su{A) basis. We are now ready to 
introduce the hght-cone basis. The transformation of the bosonic generators is imphed 
by the hght-cone decomposition of the coordinates ( |1.1| ) and is given by ( p.3| ). The 
transformation of supercharges amounts to attaching the signs + and — which will show 
explicitly their J~^~ charges. The corresponding supercharges are defined by 

g^^^g+s gj^-gr, Qi^Qt, (A.29) 

q1 — Q— q2 — 0+ qH — Q—i cS-i — Q+i ( A QH^ 

Choice of signs in these definitions is a matter of convention. Hermitean conjugation 
rules ( IA.28 ) lead then to the conjugation rules given in ( 3.11| ). 



Appendix B Cartan forms in so(3, 1) six(4) and 

light cone bases 

The kinetic term of the AdS^ x GS action and the 3-form in its WZ term have the 
following form in the so(4, 1) © so(5) basis |^ 

= -\^g^''{L^,Lt + , (B.l) 

n = s'^L^V^^L' + is^L^'Z V'^-" ■ (B.2) 
They are expressed in terms of the Cartan 1-forms defined in the so(4, 1) © so(5) basis 

by 

G dG = {G dG)i,os + L °'^Qiai , (B.3) 
where the restriction to the bosonic part is 

(G-'dGUs = L^P^ + -L^^ J^^ + L^'P^' + Il^'b' jA'B' _ (B 4) 

The transformation of the psM(2,2|4) algebra into the light-cone basis described in Ap- 
pendix A allows us to find the corresponding Cartan 1-forms and thus to write down the 
GS action in the light-cone basis. 

We first consider the so(3, l)©s-u(4) basis and define the bosonic (even) Cartan forms 

by 

{G-^dG)bos = LIP"" + LIK'' + L^D + ^L'^''^' + VjJ\ . (B.5) 



Comparing this with ( [B.4| ) and using ( |A.8| ), ( [A.16| ) we get 



= L%- -L^ , L^" = Lp + -L^ , = -L^ , (B.6) 

= '-{j^'y.L^' - \{l^'^'y,L^'^' . (B.7) 
Using these relations in the expression for the kinetic term gives the action 



24 



Now let us consider the fermionic 1-forms. They satisfy hermitean conjugation rule 

(L'^yilX = L'^'Cp^C'^,. (B.8) 
and we use the notation Lj^i = L-^^^ djiC^aCj^. Let us define 

L^^i=(Li + iL^), L^^^{L'-\L'), (B.9) 

introduce the notation L"* = L"^"*, Lai = Lq^i and use the following decomposition into 
sl{2) © sm(4) Cartan 1-forms 

L''' = -\ , \ , La^ = ^i-wL^^^, v-'L%) . (B.IO) 

Hermitean conjugation rules for the new Cartan 1-forms then take the same form as in 
(|A.28|) . The light-cone frame Cartan 1-forms are defined by 

-^S = -^S* ) -^S* = -^S* > -^Si = ) ^li = -^Si • (B.12) 

These relations imply 

L^'^^Qlai = L°'^Qai — LaiQ°'^ (B.13) 

= LliQl- LQQ3i + LfSs^i- L%Sl (B.14) 

= L+^g- + L-'Qt + L%Q-^ + L-,g+^ 

+ + L+^5r + L-.S-'^ + . (B.15) 

The representation ( p.l4|) corresponds to the sl{2) © su{A) basis while ( P.15|) - to the 
light-cone basis. 

Using the relation between the Cartan 1-forms in ( |B.9| )-( p.l2|) we are ready to con- 
sider the decomposition of the WZ 3-form ( |B.2|) . We start with the AdS^ contribution 
which is given by the first term in r.h.s of (|B.2|) . Taking into account that = L^CC 
and eq. ( [B.9|) we can rewrite the AdS^ contribution in terms of the "charged" Cartan 
forms L"^, 

T<AdSs = T^AdS, + ^AdSr, ' (B.16) 

n^s, = L^L''''\C^^)c.^C[^L^^^ , n%ss = L^L^'^'iCj^UCl^L^'^^ . (B.17) 

Since i'H^^g^ is hermitean conjugate to iH\^g^ we restrict our attention to decomposition 
of the first term. We get 

n%s, = L'^L'i''\C^^UC[^L'iP^ -L,U"\C^%pC[^L'i^^ (B.18) 



-J' 



( T + T -ir<i r -i I T - T +ir^i r +i _i_ t^t -i-n' T+j \ t^t t - 

+ i=L,(iL+^C;. V + L^C[^I^) . (B.19) 
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Eq. (|B.19|) provides representation of the AdS^ part of the 3-form in the sl{2) © su{A) 
basis, while ( [B.19| ) - in the hght-cone basis. 

Let us now consider the part of the WZ 3-form in ( p.2| ), i.e. is^'^ U'j^ L"^ . 
Representing it in terms of the charged Cartan forms as in ( |B.16| ), 7-^55 = H^s + Ti-gb, 
we get 

n% = iL^'L''"'C„;3(CV')y^'* = -2i^''"'C„/jC,'fcL'=,L'?^^' (B.20) 
= ^LfiC'L),,Li, - -^L^{C'L\,V^, (B.21) 

-^[Lp{C'L),,L^^ - L-^\C'L),,Ll^] . (B.22) 



V2 



Note that in ( p.20|) we exploited the relation (p.7| ) and used the fact that {C'Y jij 
is symmetric in i,j, the charge conjugation matrix Cq,^ is antisymmetric in a, (3 and 
the fermionic Cartan 1-forms L'^ are commuting with each other. Eg. ( |B.21| ) provides 
representation of part of the WZ 3-form in the sl{2) © su{4) basis, while Eg. ( [B.21^ ) - 
in the light-cone basis. 

Next, let us outline the procedure of derivation of the WZ term in the light-cone 
K-symmetry gauge. Taking into account that = 0, Ljj = 0, = 0, = 0, L^, = 
and plugging the Cartan 1-forms given by ( p.ll| )- (|5.18| ) into the above expressions we 
get H%s, = 'HiX + ^here (see (111,0) 

nfJs^ = -^e^dx+dr]'Cl/e^ - -^e't'd(Pde'C[jfi^dx+ ^ d{^e'*'dx+fi'C[^de') , (B.23) 

nf^s, = -V2e^dx+dxdric'ijfi^ - -^e'^ dcjydx^ dxff C[0 ^ d{-^e'^dx'^dxffC[jf]^) . 

(B.24) 

The signs ~ indicate that these relations are valid modulo terms which are obtained by 
acting by differential d on the matrix f/*j which enters in the definition of fj, dO. Such 
dU^j terms are canceled by contributions coming from the part of WZ 3-form which 
in the light-cone gauge takes the form 

71% = -^[Lt;{C'L),,L;/ - L;;{C'L),,Lt/] . (B.25) 

To summarize, one gets the following exact relation 



^^e^dx+ffC[^{d9' + ifiUx)\ . (B.26) 



Multiplying this expression by i, adding the Hermitean conjugate and going from the 
3-d to the 2-d representation of the WZ term gives the WZ part of the string Lagrangian 
Cwz in 
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Appendix C AdS^ x action in S-gauge 



The results for the Cartan forms in the s/(2) © sm(4) basis described in Appendix B 
allow us to find another version of the ^-symmetry gauge fixed action of superstring in 



AdS^ X S^. Let us start with the supercoset representative (cf. (|5?T| )- (|5.8| )) 

G = Qxfi g-q Qy 9<l> ' 

9v = ew{v^'Sa^ - r]fSl) , 
and impose the K-symmetry gauge by 



V 



ai 



(C.l) 

(C.2) 
(C.3) 

(C.4) 



I.e. 



Gg.f. = Qxfi Qy ■ (C.5) 

Since we have set to zero the fermionic coordinates rj which correspond to the conformal 
supercharges S we shall call this S-gaugcH The resulting gauge fixed expressions for 
the Cartan 1-forms are given by 



LI = ef 



dx" - ■^[Oi^a'^^'^dei + e'^ai^de"?' 



i ' 



{dUU- 



3 1 



where dO is defined as in ( |5.20| ) while the matrix U is defined by ([T 
remaining Cartan 1-forms are equal to zero 

Using that now Lg 
part of the 3-form Ti 



(C.6) 

(C.7) 
(C.8) 

:OD. All the 



we get from ( |B.19D the following expressions for the AdS^ 
1 



^^.55 = ^d4>efdd''C[M 



2^/2 



while eq. (|B.21|) gives 



—=e^de {c'L)ijde\ 

v2 



7nl 

a 



Thus we conclude that 



d(^e*d9^'C'Jeii , 



(C.9) 
(C.IO) 

(C.ll) 



which allows us to find the 2-d form of the WZ term. 



^^The "S-gauge" and "Q-gauge" terminology was introduced in |44|, but our S-gauge is different from 
the one used in H. 
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Using the above relations and ( [4.4D , (f4.3|) and taking into account that = we 
finally get the following kinetic and WZ parts of the AdS^ x 5*^ string Lagrangian (cf. 

i:^un = -\^g^''{L%^L%^ + d,ct>dA + e^^ef) , (C.12) 
Cwz = ^e^^e%e'^C^^d,ei + h.c. , (C.13) 

where is given by ( p.6|) and Cfj as in (|6.7|) . Note that in this S-gauge the 1-form L^' 
which is given in terms of Uj as in (4^) is equal simply to the 1-form e"^'. The reason 



is that, in contrast to what happens in the light-cone gauge ( p.l5| ), here the Cartan form 



Uj does not contain fermionic contributions (see ( |C.8| )). Making use of formula ( |6.18|) 
we get the following manifestly SU{A) invariant representation for WZ part 

Cwz = ^e^^d.e'^pf^'Y^'d^ei + h.c. (C.14) 



This form of WZ action by using usual SO (6) 7 matrices ( |6.16|) can be cast into the 



form similar to the one given in |TT| (see also 0). The kinetic term ( p.l2| ) can be 
transformed into SU{A) manifestly invariant form in a standard way. Our presentation 
gives selfcontained derivation of SU{A) manifestly invariant action from the original 5 + 5 
form of action given in B. 
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